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We analyze GKZ(Gerfand, Kapranov and Zelevinski) hypergeometric systems and 
apply them to study the quantum cohomology rings of Calabi-Yau manifolds. We 
will relate properties of the local solutions near the large radius limit to the inter- 
section rings of a toric variety and of a Calabi-Yau hypersurface. 



1 Introduction 

Mirror symmetcy of Calabi-Yau manifolds is one of the most beautiful aspects 
of string theoryu. It has been applied wittugpat success to do non-perturbative 
calculation of quantum cohomology ringaH13. More recently, new ideas have 
been developed to apply mirror symmetry to study the moduli space of the 
type II string vacua compactified on a Calabi-Yau manifold. Some of the recent 
work on verifying. the .so-called heterotic-type II string duality relies heavily on 
these new idea£illl3lla. 

One of the key ingredients for studying families of Calabi-Yau manifolds 
is the so-called Picard-Fuchs equations. They are differential equations which 
govern the period integrals of a Calabi-Yau manifold. In this report, we will 
review several aspects of the Picard-Fuchs equations which arise in mirror 
symmetry. We define the flat coordinates and use them to give a natural de- 
scription of the quantum cohomology ring. We relate the flat coordinates to 
the general solutions of the Picaxjd-Fuchs equations at the so-called point of 
maximally unipotent monodromp. The general solutions turn out to be in a 
subspace of tlm solutions to a Gel'fand-Kapranov-Zelevinski (GKZ) hypergeo- 
metric systeno. A GKZ system is therefore reducible in our case. 



2 Mirror symmetry and quantum cohomology ring 

To see the essence of the mirror symmetry, we should go back to a toy model 
(c = 3) of a string theory with target space given by a complex 1-torus T. We 
can write it as T = C/A where A = Zei © Ze2 is a rank 2 lattice in C. We 
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introduce the metric and the antisymmetric tensor on the torus by Gij := e^-Gj 
and Bij = Beij. Then it is natural to introduce the complexified Kahler 
modulus A — 2{B + iVC) and the complex structure modulus p — + i-^^- 
The partition function Zt{\,p) is determinecLesactly as a function of moduli 
and is known to have the following symmetrie£jL3: 1)Zt{\, p) = Zt{)^, 



Zt(A,-1/p), 2)Zt{\,p) = Zt{-X,-p), 3)Zt(A,p) = Zt{pA)- The first two 
symmetry is the result of modular invariance and orientation invariance. The 
last symmetry, however, comes from the invariance under the exchange of 
momenta and winding numbers. It is the simplest example of mirror symmetry: 
an invariance under the exchange of the complexified Kahler moduli and the 
complex structure moduli. 

If we combine the symmetries 1) and 3), we may derive the relation 
Zt{\,p) ~ Zt{^1/X,p), which is the complex analogue_Q£the famous symmc- 



try, i? <-> 1/i? duality found by Kikkawa and YamazakEJ 

When the complex 1-torus is replaced by a Calabi-Yau 3-fold M, the sym- 
metry 3) becomes a little more involved. First we need a new manifold W 
which is "mirror" to RI. Then we have 

ZM{fip),giX))^Zw{X,p) , (1) 

where the parameters A, p represent local coordinates of the appropriate moduli 
spaces. The functions /, g are mirror maps which we will later describe in terms 
of the flat coordinates of the Gauss-Manin system. 

There are two local operator algebras, which are called type A,B respec- 
tively, associated to a string model compactificd along M. The type A algebra 
is associated to the Kahler deformation A and it receives non-perturbative 
quantum corrections from the cj-model instantons. The type B algebra de- 
pends on the complex structure but receives no quantum correctiort3. Then 
the symmetry expressed by implies that there is an isomorphism between 
the type A algebra of M and the type B algebra of W and vice versa. This 
turns out to be a very powerful tool for computing the quantum correction 
appearing in the type A algebra, say, of M. This is the quantum cohomology 
ring of M. 

The type A and B algebras may be described in more geometrical terms 
as follows. In classical geometry, the (complexified) Kahler moduli of a Calabi- 
Yau manifold M can be described in terms of the cohomology group H^'^{M, C) , 
regarded as a subspace of the commutative algebra ®^^qH'^''^{M,C). On 
the other hand, the complex structure deformation of the mirror W may 
be described by the variation of the Hodge structures, for which the space 
H^{W,C) = ®f^oif3"*''(M^, C) and its Hodge fihrations play an essential 
role. When M is a Calabi-Yau hypersurface in a weighted projective space 
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P'*(w), the complex structure deformations (, at least the algebraic ones,) for 
the mirror W can be represented by polynomial deformations of the defin- 
ing equation P{z) of W. In fact we have an isomorphism to the Jacobian 
ring; ©f^Qi7^~*'*(VF, C) = C[zi, ■ ■ ■ , Z5]/{dP{z)/dzt). Now mirror symmetry 
predicts that the quantum cohomology ring of M is given by 

®UHI-\M,C)^®Uh'-'''{W^,C) , (2) 

where ^ = (^i, • • • , ^^2,i(;y-)) are parameters in the polynomial deformation of 
the mirror W , and the right hand side is given the structure of the Jacobian 
ring above. _ 

In their original work, Candelas et an determined the quantum cohomology 
ring starting from the Jacobian ring for the mirror of a quintic hypersurface 
in P**. In general we may define the quantum cohomology ring through a 
specific basis (fiat coordinate) of the Jacobian ring, {l,Oa,0'' ,0'^^^} {a,b — 
1, - ■ ■ ,h^'^{W)), where Oa,0^ and O'^^^ represent the elements with charge 
one, two and three, respectively, in the Jacobian ring. The flat coordinate 
is characterized by the properties that OaO'' = S^O^^^ , OaO'^^^ = in the 
Jacobian ring. Then the relations Oa.Ob = J2c ^tatbtai^i"^))^^ determines the 
coupling as a function in flat coordinates. We may compute the quantum 
cohomology ring at the so-called large radius limit where we have non-trivial 
Q'-expansion for the coupling: 

Kt^tbtAt) - I ha Ah Ah, + VA^n..-^™?^?? ■■■Qn ■ (3) 

The first term in the expansion are the classical intersection numbers for the 
elements ha G H^^^[M, Z) (a = 1, • • • , h^'^{M)) and := e^'^**- (i = 1, . . . , n = 
h?'^{W)). It has been verified in numerous examples that the numbers Ni-^i^...i^^ 
are integers, possibly [jaegative, which "count" the instantons appearing in the 
quantum correctiorcHla. 

3 Gauss-Manin system and flat coordinates 

In this section we will characterize the flat coordinates through the analysis of 
the Gauss-Manin system. 

Let us consider the quintic hypersurface M in P** and its mirror W ob- 
tained by orbifoldizing M by G = (25)'^. We take the defining equation for W^p 
as Py, = ■^Zi -|- • • • -|- iz| — ip 4' with (p ~ 21222324X5. The deformed Jacobian 
ring is given by 

J4, ■.= C[zi,---,Z5f/{dP^/dz^)nC[zi,---,Z5f- (4) 
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We fix a basis of as {tp^°\tp^^\(p'-^\(p'-'^'>} {1, (j), (j)'^ , cj)^} indicating the 
charges by the superscripts (, (p*-'-* refers to the element with charge i or homo- 
geneous degree Then the Gauss-Manin system is a set of first order differ- 
ential equations satisfied by the period integrals. They are given by w := (w'*- ) 



with 



w 



(i) 



Resp q{ 



P: 



(5) 



where 7j's are cycles in Hs{Wtp,Z) and dfi := ^i,{—l)''~^^ZkdziA- ■ ■Adzk/\- ■ -A 
dz^. We can derive, using the reduction pole order argument, the differential 
equation satisfied by (||) as 
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We notice that we can do a degree-preserving change of basis on the Ja- 
cobian ring by iy9^*^ Qi{ip)(p'--^^ + Rij{z,'il})dPjp/dzj, where Qi{ip) and 
Rij{z,tp) are arbitrary. We may also change the normalization of the defining 
equation by an arbitrary function r{'ip): r{'ip)P^. It is easy to see that 

these changes result in a new period v related to the original one by = M{i]:)v 
with lower triangular matrix M{ip). By a change of local parameter ip = ip{t) 
to the flat coordinate t, the Gauss-Manin system (||) becomes 

= ^o±yM-^G^M - M-%M)v 

/O 1 0\ 
^00 Kut{t) (7) 
1 ' 

Vo 0/ 

where is the connection matrix in the right hand side of and Kttt{t) is 
a function which will be determined by this form of the Gauss-Manin system. 
We can determine the matrix M{ip) explicitly as 



r 
r' 
r" 
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1—0^ 







c 



4 



where the functions r = r{ip) and s ~ s{ip) satisfy differential equations (, with 
r' — dr/dip e.t.c), 



(9) 

1 _L_ — _ 2:11 I C I I 



The differential equation for r{'ip) coincides with the Picard-Fuchs equation. 
The relation determines the coupling and the flat coordinate t = t{tp) as 
follows; 

The Picard-Fuchs equation satisfied by r(-0) in (||) can be arranged to 

{et - 5z{5e, + A)i50, + 3)(50, + 2){5e, + l)}wiz) = , (11) 

where z = -j^^ and w{z) — —5'ipr{'ip). It is evident that the indices of 
the Picard-Fuchs equation are zero at the large radius limit z = 0, and the 
monodromy becomes maximally unipotent. All the solutions can be deter- 
mined by the standard Frobenius method starting from the series wq{z,p) := 
y I15(2±^)+i) ^"+p. One can verify that the ratio t(z) = t-^^, where 

wo{z) := wo{z, p)\p=o and wi{z) :— ^wo(z, p)|p=Oj coincides with the flat 
coordinate. 

In fact the functions r{^) = — ■^wo(z) and s{iIj) = —-^wq-^ solve the 
equations (||). Because of the behavior t ^ ^Aog{z) near the large radius 
limit, we obtain the desired ^-expansion (||) with q = e^'^** and C = j^^^- 

We can read off the prepotential F{t) for the quantum coupling Kttt from 
the form of the Gauss-Manin system in the flat coordinate (Q). To see this 
note that the first order system (^ is equivalent to ^tltit) ^t^^^°'' ~ where 
v^^^ is the first row of the periods v = {v'^^j)- Then it is easy to see that the fol- 
lowing v^j-^'s constitute the solutions; v^^q ~ 1, w^i^ ~ t, 9^i'^2^ = Kttt, dtV^'^^ — 
—tKttt- These relations are sufficient to determine the prepotential 

F{t):^\{v^^\r^vf\^^) , (12) 

such that Kttt(t) — dfF{t). Since we have a relation v^^^ — ip^w^f from the 
matrix M(tp) in (^), we can write the prepotential in terms of the solutions of 
the Picard-Fuchs equation. 
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4 GKZ hypergeometric system and the flat coordinate 

In this section, we will consider a Calabi-Yau hypersurface Xii{w) in a weighted 
projective space P^(z«) (, where d represents the homogeneous degree of the 
surface). We will consider two a priori different objects: the intersection ring 
for Xd{w) and the GKZ hypergeometric system for the periods of X^{w). We 
will find a close relationship between the two. 

4-1 Intersection ring 

According to Batyre^ii, we can construct the mirror pairing (M, W) = {Xd{w), 
X^iw)) of Calabi-Yau manifolds starting from a pairing of the reflexive poly- 
hedra {A{w), A*{w)) in R^. Here the polyhedron A{w) is defined through the 
Newton polyhedron of the defining equation (, the potential,) of X^iw) and 
may be written as 

A(u;) = Conv. a; G | ^ w^x^ = , {x^ > -1) . (13) 

We see that all vertices of this polyhedron are integral by definition and the 
origin is the only interior integral point in A(w) (, in fact this is the defining 
property of the reflexive polyhedron). The (polar) dual of A{w) is defined by 
A*{w) := {y e A(w;)|^ | (y,x) > — 1 } and turns out to be reflexive if A{w) 
is reflexive. Here A(?i;)R, is the scalar extension of the lattice A{w) = { x € 
Z^ I X] ^j^i = }■ The cones over the faces of the respective polyhedra define 
the complete fans J^{A{w)) and I](A*(u>)). These fans define compact toric 
varieties Pe(A(i«)) and Ps(A'(ii>))- Then the Calabi-Yau hypersurfaces Xd{w) 
and X^{w) are crepant resolutions of zero loci of certain Laurent polynomials 
in the ambient spaces Ps(a*(u))) and Ps(A(m>)): respectively. 

If all singularities of the ambient space Px;(A*('!i>)) are Gorenstein, the sub- 
division of E(A*(w)) using all integral points on the faces makes T,{A*{w)) 
regular and results in the smooth ambient space Ps(a* («>))• This_js the case 
for the models of type I and II in the classification given in rcfa£l. For sim- 
plicity, we will restrict our attention to this case. 

The classical cohomology (BH'^'^{Xd{w), Z) may be understood as the re- 
strictions of the cohomology of the ambient space P-s{A'{w))- The cohomology 
ring of the smooth toric variety is generated by the toric divisors associated to 
each one dimensional cones. We denote the integral points in A* as i^l, ■ ■ ■ , i/* 
and the corresponding divisors as Di, • • • , Dp. Then the cotiomology ring called 
an intersection ring, of the toric variety can be described EHl by 

A*(Ps(A-(»)), Z) = Z[Di, Dp]/{SRj:^A'iw)) + I) , (14) 
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where '5'i?5](A*(uj)) is the Stanley-Reisner ideal for the fan E(A*(u')) and / 
represents the divisors of the rational functions. These two ideals are generated, 
respectively, by 

i) Ai ■ • ■ Afc for i^i* • ■ ■ i^t^ not in a cone of S(A*(w)), 

ii) ELi("><> A forue 

The degree four element in ^*(Px;(a*(m>))i Z) should give the 'volume' form 
of Pi;(A*(to))- Since we know that the total Chern class is c(Tpj,j^,j ) = 
Yli^ii^ + Di), and x(Ps(A' («>))) — # of 4-dimensional cones in S(A*(u')^, we 
can normalize the volume form using the relation L. c(Tp^,^,, = y. 

With this normalization, we may define the intersection couplings 

{D,,D,,D,,D,,) -.^ f Jd.,Jd,,Jd,,Jd,,. (16) 

"'Pi;(A«(™)) 

Since the divisor of the hypersurface has an expression [X(i(u')] = Di + 
■ ■ ■ + Dp, the intersection ring of the Calabi-Yau hypersurface Xdiw) may be 
described by A*{Xd{w), Z) = A*(Ps(A'(«))), Z)/Ann(Di + • • • + Dp), where 
Ann{x) consists of those elements which vanish after multiplication by x in 
the ring A* (Pj](A' Z). Then the intersection coupling of Xd{w) may be 
written as {Di^Di^Di^[Xd{w)]) . 



4-2 GKZ hypergeometric system 

As remarked by Batyrev in0, a period integral of X'^iw) satisfies the GKZ 
hypergeometric system. This system is defined by the integral points A = 
{ V* = (1, V*) },-o,- -,p in A* placed on a hyperplane in R^, and an exponent 
13 £ R^. The set A is not linearly independent but has affine relations ex- 
pressed by a lattice L = { {Iq, ■ ■ ■ ,lp) € Z^+i | Y.r hv* = 0} . Then the GKZ 
hypergeometric system for the period integral n(a) is given by 



Vill{a) = (/ e i) , Z„n(a) = (u e Z^) , (17) 



where 



where /3„ = {u, (3) with /3 = (— 1, 0, 0, 0, 0). This system has a formal solution 
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for 7 G RP+^ satisfying J^ili^t — P- is shown inlil that convergent pow- 
erseries solutions can be constructed from this formal solution for each regular 
triangulation of the polyhedron P = Conv. ({0, Pq, • • • , P*}). The regular tri- 

angulation determines local variables cc^ = a'' ' through a compatible basis 
{/(I), - • of ^Yic lattice L. 

The q-series expansion of the quantum coupling (|^) is valid at the large 
radius limit where the monodromy becomes maximally unipotent. There is in 
fact a regular triangulation which realizes this property. It is a triangulation 
for which we have only one power series solution and all other solutions have 
logarithmic singularities. This regular triangulation has the property that all 
4-simplices contain the point d^he origin in A*,) and have volume onc(, where 
the volume should be normalized so that the unit 'cubic' in ri-dimensions has 
volume n\). InE3, we called the regular triangulation with this property the 
maximal triangulation. Note that the maximal triangulation is a triangulation 
we can associate with the complete fan E(A*(it;)) and thus with the desingu- 
larization of the ambient space Ps(A*(to))- 

The relation between the maximal triangulation Tq of the polyhedron P 
and the ambient space PE(A*(t«)) has an important implication on the quantum 
cohomology. To see this, let us write the power series solution wo(x,p) — 
aon(a, 7) in terms of the integral basis • • • , of L compatible with 

To, where we define the indices p by 7 = Yl,k Pk^''^^ + (^l? 0, • • • , 0) and Xk — 
(— l)'o 'a'' Explicitly, this series has the form 

-o(x,p)= Y: ^i-Uirn.+P.)i''+^) ^»,+p (20) 

mi ,■ ■ ■ ,m/2 >0 1 Ll<.i<p 

Because of the difference of the 'gauge' factor gq between wo{x, p) and n(a, 7), 
the first order differential operator Z„ takes the form Zu — ^i*)^ai for 

wo(a^,p). In this form, this differential operator coincides with the linear re- 
lation ii) in ([isl ) under the identification Oa^ <-» Di{i = l,---,p). Under 
this identification, the generators in i) of ( |l5|) also correspond to the leading 
terms of certain differential operators Vi as follows. Consider the toric ideal 
{Pi I / € L) C C[^^, • • • , ^-], construct a Grobner basis of this ideal (, with 
respect to a term order defined by the maximal triangulation), and consider 
the leading terms of the basis elements. After a suitable multiplication by a 
monomial of the form a'+ or a}- with I = — l^, the leading term of a ba- 
sis element Vi becomes the principal part of the operator near Xk — 0- The 
basis elements together determines the local solutions completely. It can be 
shown that the principal parts of the Grobner basis elements coincides with 
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the generators i) in (^5|)_£or the Stanley-Reisner ideal SRy,(a*(w)) under the 
identification with ZJf^. 

Now we can determine the solutions with logarithmic singularities from the 
principal parts of the GKZ system using the Frobenius method. We observe 
that the solutions are given by 

■wo{x,Q) , dp^wo{x,0) , Y.k,iC^3kidpkdpiWo{x,0) , 
T,j.k,i Cijkidp^dp^dp.woix, 0) , 'E^,J,k,l Cijkidp,dp^dp^dp,woix, 0) , 



where Cijki ■— {Sxidxjdx^Oxi) is the coupling ([iq ) under the identification 
above and dn ■— ^ir-- 

P^ 2-Kl api rr— I 

It has been reportecM that our GKZ system is reducible and we can 
extract canonically the solutions to a subsystem by considering the restriction 
of the intersection ring to the hypersurfaces Xd{w). That is, we use in (21) 
the cubic coupling K'^^^. — {0xi6xjdx^:[Xd{w)]) instead of Cijki for the ambient 
space. It has been verified experimentally that the system with these solutions 
coincides with the Picard-Fuchs equations derived from the reduction argument 
of Dwork-Griffiths-Katz. In terms of the local solutions near the large radius 
limit, we can write the prepotential in a concise forrm 

^^^^ ^ ^ (i)' ^"""^^'^^o + E A^'^^oA^'^z«o}..=..(,) , (22) 

where i^f) := dp, , ^E.m K^kdpA. > ^i^^ --,E.,k Kf^kdpAA.- 

D'^^^wix 0) 

The mirror map is then defined by tk := ^^^^ . It turns out that the 
asymptotic form of the prepotential is F{t) = i J2ijk ^^tjk'^i^j'^k — X^fc ^^f'^^fe " 
i^X{Xd{w))+0{q). 



5 Summary 

We have discussed the fiat coordinates of the Gauss-Manin system in the con- 
text of the mirror symmetry. In these coordinates, we can compute the quan- 
tum cohomology ring Q)iH"{M, C) using the Jacobian ring J^, of the mirror. 

In case of the toric realization of the mirror symmetry, we can trace the 
structure of the quantum cohomology ring to the logarithmic solutions to the 
GKZ hypergeometric system near the large radius limit. The closed formula 
for the prepotential ( |2^ ) is written completely in terms of the data of the 
reflexive polyhedron A* . It is an interesting and important problem to relate 
the q-series expansion of thjejjrepotential to the axiomatic definition of the 
quantum cohomology ringEJEj. 
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